Institute of Actuaries of India

Subject CT3 — Probability & Mathematical Statistics

March 2017 Examination

INDICATIVE SOLUTION

Introduction

The indicative solution has been written by the Examiners with the aim of helping candidates.
The solutions given are only indicative. It is realized that there could be other points as valid
answers and examiner have given credit for any alternative approach or interpretation which
they consider to be reasonable.
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Solution 1:

i) Ordering the marks given, stem and leaf diagram is:

7,9
1,1,2,2,6,6,7,7,7,7
0,0,1,23,3,3,4,6

6

3

0

O Uuh WN R

The stems are 10s and leaves are units.

1 1\th th
ii) Median: (En + E) value =12.5" value =(27+30)/2 =28.5.
Mode: 27. (27 appears the maximum number of times-four times)

ili) Interquartile Range (IQR) = Q3_0Q
Now Q; = n‘}i th value counting from below = 6.5" value

= (22+26)/2 = 24

Q= nT“ th value counting from above =33

Hence, IQR = Q;_0Q; =33-24=9
[Alternatively,

Q= nTH th value counting from below = 6.25th value =23 and

Q3= nTH th value counting from above= 33

Hence IQR = 33-23=10]

Solution 2:

The binomial distribution (n, p) has probability function.

n!

P(X=x)= p*(1-— p)(”_x) ; x=0,1,2,...; O<p<1.

(n—x)x!

n!

(n—x+1)!(x-1) ! p& D (1 —p) Y x=1,2,3,... ;0<p<1

and P(X=x-1)=

(2)

(1)

(2)
[5 Marks]
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Now, P(X=x) _ n-x+1 p

PX=x-1) x 1-p
Therefore, P (X = x) =""T"+1 1%p/?(X:x- 1); X=1,2,3,..

[3 Marks]
Solution 3:
Given that P(A) = 0.20,P(B) = 0.10 and P(C) = 0.70
Let R be the event that he reaches office on time.
P(R¢/A)=0.15, P(R°/B)=0.20, P(R¢/C)=0.05. [ R°: complement of R ]
Using Bayes’ Theorem:
oy _ P (R°|B) P (B)
P(B|R%) = P (R€|A) P (A)+P (R|B) P (B)+P (RC|C) P (C)
_ (0.20) (0.10) _
"~ (0.15) (0.20)+ (0.20) (0.10)+ (0.05) (0.70) 0.235
[3 Marks]
Solution 4:
i) X;~ Exp (0.002),so E [X;] = 500; Var [X;] = 250000
N ~Bin (n, p), so E [N] = np; Var [N] = np(1 —p)

Using the formulae given on page 16 of the Tables:
E [S] = (np) (500) = 500np
Var [S] = (np)(500)* + (np(1 —p))(500)* = (2np)(500) *~np’(500) >

=(np)(500)?(2-p)

SD [S] = 500 * /np * (2 — p) (3)

ii) Using Normal approximation, we have:

S~ N (500np, (np)(500)%(2-p)),

Hence, P [S > 60000] = P (z -, _60000-500mp )

500*,/np*(2—p)
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Solution 5:

i) Given that fy y(x,y) = 15—2(x2y + xy);0<x,y<1.

The marginal pdf of X: h(x) = folg(xzy + xy)dy = [% (Ex y

=E(3x2+lx) ; 0<x<1.
5 \2 2

=§(x2+x); 0<x<1
1
The marginal pdf of Y: g(y)-f (x v+ xy)dx= [ ( x3y + x y)]
12 /1 1
=?(5y+ Ey), 0<y<1.

=2y ; O0<y<l1
(ii)

e =R be)as [0 )]

05

-2+ 2) -0

eVl =Gy 3y dy= [R50+ y)];_o

= Z2(3+ ) =067.

12
?(x3y+ x2y) 4
2y

(iv) We know that E(X/Y) _f x f(x|y)dx = f (;c(y))dx f01

- (6195, + ) et/ [ (2 + 1)

7 7
X —=—
12 10

51 e}

Clearly fxy(x,y) = h(x)g(y). The random variables are statistically independent.

3)
[6 Marks]

(3)

(1)

(3)
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EEX/V) = [, (Z) fO0dx =[; () f(x)dx

—f ( )12 [ (x2 + x)]dx

1
IANE [(1x3 + lxz)] L x 2y 2_07=EX.
10 " 10 L\3 2 x=0 10107 6

E(XZ/Y)—f x2 f(x|y)dx = fl zf(;cz/;)dx_fo 5(x y+x y) "

= (6/5)fO (x*+ x3) dx
= (6/5) [(%xs + ix“)]l Sy 22

x=0 5 20 100

VX/Y) = E(X2/Y) = (E(X/Y))? = == — ()P = —.

[If the candidate has answered using E[X /Y] = E[X] and V[X/Y] = V[X]

on computation of E[X?]and V[X]full credit is to be given (5)
[12 Marks]
Solution 6:
i) By definition, the moment generating function of Gamma(a, 1):

A% _
xa= 1 lx)dx

My(0) = E (%) = [77 (e 7

A% oo 1 —(1—
— mfo (xa 1e 4 t)x)dx

_ A o ((A-0)% g-1 -(A-t)x
My(©) = Goa o ( r@ ~ € ) dx
The integrand is pdf of Gamma (a, A - t) and the value of integral is 1.

yl (24
Therefore, My(t) = (ﬂ) , provided t < A.

Dividing the numerator and denominator by A gives:

a
1 A
MX(t)— (1—_%> = (1-;) t<A
The cumulant generating function is:
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Cx(t) = log Mx(t) = —alog (1 — i) (4)
i) The coefficient of skewness = Skew (X)
Var(X)1s

We know that Var(X) = Cx(0) and Skew(X) = Cy (0)
’ o« 01
G =5 (1-3)

A

’” _2 7
GO =%(1-9 = var()=ci0) =%

2a t 2
G =2 (1-5) "= Skew®) = ¢;(0) = £
: _Za/;Ls_Za_Z
Hence, the coefficient of skewness = ey (4)

/22
[8 Marks]

Solution 7:

Let X denote the number of shares bought (or sold if X is negative) during each trading session.

Based on the strategy adopted, we have the following distribution of X.

x -1 0 1 2
1 1 1 1
P(X = x) 3 6 3 6

In order to apply normal approximation, we need to calculate E [X] and Var [X].

EX]=2xP(X=x)=(1D2+ 0+ D3+ =1
E[X}] = Zx2P (X =x) = (-1) 2+ (0)=+ (1) 2+ (2%)==:
Var [X]=E[X*] - (E[XD?*=:-5= %

Let Y denote the total number of shares after 18 trading sessions:
ie, Y=100+Y X

Itis clear the E(Y) = 100 + (18)% and Var(Y) = (18)%
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Using Central Limit Theorem, we have
P(Y > 110) = P(Y > 110.5) using continuity correction.
110.5— 106
=P (2> ==2)
= P(Z>009594) =1— P (Z < 0.9594)
=1-0.8313 = 0.1687 [5 Marks]

Solution 8:

i)

The survival times follow Exponential distribution with mean 2
Let X4, X5, ..., X, be a random sample
The method of Moments estimator is obtained by equating Population Mean and sample mean.

. 1 _
That is, =X

For the given data, the MM estimate is%

(2)
ii)  Then the likelihood function of the random sample is
L= LN xq,%3 %) = [[RyAe ™™
= A\t e AEx

lOgL = nlog}\ + }\Z?zlxi
al;fL = %+Z?=1 x; impliesthat X =

ull] =

. . d%loglL n
Checking for maximum akzg =—uz< 0.

For the given data, X = 5. Therefor the ML estimate is: = (3)

iii)  Estimate for P(X > x) = e~ M
(By invariance property of MLE )
— 1 5 1
Hence, the ML estimate for P(X > 50 hours) = P(X > %months) ise ™ =e75G) 27D =
0.986207

(Assuming 30 days is 1 month) (2)
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iv) The CRLB for the variance of an unbiased estimator for is A is computed as

1 S
E[azloZgL] T n
2N

For the given data, the lower bound for the variance of an unbiased estimator is

Solution 9:

i) Lettrue mean weight be u. Then for the sample X1, X,, ..., X;, from store A

X—u
W th s
= S = s
Hence, X — 2.26275 <pu<X+ 2.262\/—ﬁ

From the given data, ). x; = 660 and Y, x? = 44,650.
Hence, ¥ = 66 and s = - (44650 — 10(66)?) = 121.11
and s =11.005

Therefore, ¥ — 2.262 % = 66- (2.262x 11.005/v10)= 58.128 and

X+ 2'262\/% = 66+ (2.262 X 11.005/v10)=73.872

Therefore, a 95% confidence interval for the true mean is (58.128, 73.872)

S

(ii) Itis required that 2\/5

th-1,0025< 10

Using trial method when n=22,

11.005

2 R

th-1.0025 = 4.692548 X2.08 =9.7605 = 10

Therefore, a minimum sample size of at least 22 is required.

52+10 250

— L1 -0.004.

(1)

[8 Marks]

(4)

()
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(iii) Letthe random sample from store Bbe Y;,Y,, ..., Yy,
Then from the data,

y==—=68and s?=--(56,644 - 12x68” ) = 105.0909

The pooled variance sg =[(9% 121.1111)+(11x105.0909)]/(10+12-2)

=112.30

Let ux and p, be the true mean weights of adults who visited
shops A and B respectively.

X-V)-(ux— 1y)
1 1 tn+m—2
358 Gt

Now, From the t table,

Then

X-Y)-(ux— Hy)
Is2 G+)

2.086 < Z2-Wx= 1) 5056

I112.30*(%+%)

2.086 < TRZWx= B 5 gg
4.5374

-2.086 < <2.086

-11.465< uy — uy < 7.465

As this interval contains 0, there is evidence at 5% level to suggest no significant difference in the

weights measured at two different shops.

(iv) Here n=10 and m=12

2 2
. S¥ ;0%

Usmg S_Z ? ~ Fn—l, m-1
y y

. sz o} F
l.e 5—2 — ~ Fg, 11
y Oy

s2 1 0% sZ
SZFo1l o2 " 52
y ’ y

Fi1,9
Oy

1.152441 =

2
<= <1.152441 * 3.105
2.896 o0y

(4)
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2
0.397942 <% <3.578329
y

Since this confidence interval contains 1, variances of weights of adults in both shops may be

assumed to be equal. (3)
[13 Marks]

Solution 10:

i) LetX havepdf:f(x)=0x%"1;0<x<1;0>0
The desired test is: The Most Powerful test of level a = 0.05 for testing the null simple
hypothesis Hy: O = 5 against the simple alternative H;: & =4, based on a random sample of size 1, x

(say).
By Neyman Pearson lemma, we have

Reject Hp: 9 =5 if 1(6.2) > k , where k is such that

f(Bo.x

Py, (Reject Hy ) = a.

. . o 4x3 4
Thatis, RejectHp:0=5 ,if — > kor—>k.
5x 5x

This means that reject H if x < %k (=k™) where k* is such that
Pg_s(x < k™) =0.05.

: e 4 g _
Thatis [~ 5x* dx=0.05
This implies k* =3/0.05 = 0.54928 which means reject Ho: 9 = 5 if

x < 0.54928. (4)

i) Power = P (Reject Hp when H, is false) = P (x < 0.54928 when ¢ = 4)
= [,"***" 4% dx=0.54928" =0.09103 2)

[6 Marks]

Solution 11:

i) The Least Squares Estimates for :

= ; Z]- yij /n=138/19 = 7.2632
_ 2jyij XijYij

T
1 ni n
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T,=33/4-7.2632 = 0.9868
7,=30/4-7.2632 = 0.2368
T3 = 40/6 -7.2632 =-0.5965

T4=35/5 -7.2632 =-0.2632 (4)

ii)  Assumption:
Observations are from normal populations with same variance.
Hypotheses:
Ho: Each brand has same average lifetime of devices.

H;: There are differences between the average lifetimes of devices manufactured
by different brands.

We have

2
138 _97.68421

2 .t
SST= %% ¥% -2 =1100 - ==

2 2 2 2 2 2 2
SSB = yiL .Yl o 330, 307 207,35 3% - 6.60088
ni n 4 4 6 5 19

SSR= SST-SSB =97.68421-6.60088 =91.0833

ANOVA table:
Source of
Variation DF | Sum of Squares Mean Squares
Between
Treatments 3 6.60088 2.20029
Residuals 15 91.08333 6.07222
Total 18 97.68421

2.20029
6.07222

The variance ratio F = =0.3623

Under Ho, this has an F 3 ;5 distribution. The 5% critical point for F 515 is 3.287, so we have no
evidence to reject Ho and hence we conclude that there is no difference between average lifetimes of
devices manufactured by different brands. (7)
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iii) The unbiased estimate of 6° = SSR/ (n-k) = 91.083333/15 =6.07222
We know that SSR/ ¢* ~ X2,

We have x%, and hence P(6.262< SSR/ 0”<27.49)

91.08333 91.08333

So, 95% Cl for o”is ( .
27.49 6.262

) = (3.3133, 14.5454) (3)
iv)] Wehave y; =825, Yy, =7.50; Y3 =6.67 vy, =7.00;
Hence y3 <y, <y, <y

Considering the highest and the lowest sample means
~ 1 1,05 1 1,05
to.025n-k) O (E + E) =2.131% 2.4642 X (g + Z) =3.39

The least significant difference 3.39 is more than the difference of 1.58 (= 8.25 - 6.67) between the
sample average lifetimes of the devices selected from brand 1 and brand 3. Hence we would be
indifferent to select brand 1 and brand 3. (3)

[17 Marks]
Solution 12:

i) Given thatx =30.667 y =69.167

Sx=3%2—n %% =13854-12x (% )2 = 13854-11285.33 =2568.67

Syy=3y*-n y? =60,900-12 (%)2 = 60,900-57408.33=3491.67

Sxy=2xy—-nxy =28,180-12%30.667X69.167 = 28180-25453.733=2726.27

Sxy 272627
Syx 2568.67

g = =1.0615

&= y-fx =69.167 -1.0615%30.667 =36.6140
¥ =36.6140 + 1.0615 x (4)
ii) We are carrying out a test of
Ho: 6=1vs Hy: 6>1

‘We know that =2 ~ tho

a2

Sxx

2726.272
2568.67

2
0% = X (Syy - 22) == X (3491.67 — ) =59.813

Page 12 of 13



1Al

CT3-0317

ii)

iv)

The value of test statistic is

1.0615-1

59.813
2568.67

=0.403

At 5%, the critical value for t;, from table is 1.812. The critical value is greater than 0.403. Hence, we
have insufficient evidence to reject H,. Hence, it is reasonable to assume that the (3, gradient
parameter is 1. (4)

The proportion of variability explained by this model is

2 2
2 Sz 2726.27
R*= =X = = 82.87%
SxxSyy  2568.67x3491.67

This tells us that 82.87% of the variation in the data can be explained by the model and indicated the
good fit of the model. (2)

We know from part (i) that
y =36.614 + 1.0615 x
$=36.614 + (1.0615%34) =72.705

Standard error of the estimate

—x)2
\/02{1 T I0)

Sxx

(34—30.667)2)
2568.67

= \/59.813 X (1+—+
=8.066
95% confidence interval for daily maintenance cost y is 72.705 + to 025,02 SE(Y)

=72.705 + 2.228%8.066 = (54.734, 90.676) (4)
[14 Marks]

3k 3k 3k 3k 3k sk 3k 3k 3k %k %k 3k 3k %k %k %k 3k %k k kK k
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