Institute of Actuaries of India

Subject CT3 — Probability & Mathematical
Statistics

December 2018 Examination

INDICATIVE SOLUTION

Introduction

The indicative solution has been written by the Examiners with the aim of helping candidates. The solutions given
are only indicative. It is realized that there could be other points as valid answers and examiner have given credit for
any alternative approach or interpretation which they consider to be reasonable.
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Solution 1:
i)
Cumulative distribution curve
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[2]
ii)  The median value splits the distribution into two equal halves, so that there are 100 observations

below the median and 100 observations above the median. The median lies in the 40 < X < 60
interval. Using linear interpolation gives:

40 + 22 (60 — 40) = 52
100

Alternatively, using the %(n +1) formula we get:

40 + 2560 — 40) = 52.1
100

If the wvalues are distributed uniformly within each interval, the mean of
each interval will equal the midpoint value. Therefore, the overall mean is:

40 (20)+ 100 (5(2))04(-) 42 (70)+ 18 (90) = 51.8 3]

[5 Marks]

Solution 2:
Total number of cases = 64 =1296
The various combinations for the sum being 19 and corresponding number of arrangements in each

case are:

(6161611) ------- > + =
3% 1!
(6,6,5,2) ~--rrm->——— = 12
21 % 11+ 1!
(6,6,4,3) > — =12
2% 11 % 1!
(6,5,5,3) ~--r->—— =12
21 % 11+ 1!
4!
(6,5,4,4) - =12
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4!
(5151514) _______ >m =
Number of favorable cases are 4+12+12+12+12+4 =56
Hence the required probability is % =0.04321 [4 Marks]
Solution 3:

i) Weknowthat}l2, C(2x-1) =1

10(11)

This implies2CY12,x —10C=1;2C .

-10C=1;

Thatis, 100 C = 1; C= — = 0.01 [1]
100

i) EX) =Y xPX=x)=X12x 0.01(2x-1)

=0.02 Y19, x2-0.01 319, x

=0.02 10%11%21 —0.01 10;11

=7.70-0.55=7.15 [3]
[4 Marks]

Solution 4:

31 (31+1) _

i)  Total persons served are 496

31 December 2017 is Sunday, so we have 7, 14, 21 and 28 as Sundays in January 2018. Number of
persons who were served on Sundays and got lunch and clothes is 70 (= 7 + 14 + 21 + 28)

Hence, the probability of a randomly selected person got lunch and clothes among all persons
receiving charity is% = 0.14113 = 14% (3]

ii) The probability of a randomly selected personwas served on third Sunday, given that the persongot
lunch and clothes is

(ﬂ) 70 ' °
496
[2]
[5 Marks]

We know that:
Mx(t) = E (etX) = Zx e p (sz)

It is given that
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o ekt—l
My (D= 550 S

o e!
My (D)= X5 - e
From the above, the co-efficient of e*¢, we get

-1
P(X=3) == é =0.06131

[2 Marks]

Solution 6:
LetY=X; + X,
My(t) = My, x,(t) = E(ea* %))

et+e2t+e3t+e4t) (et+e2t+e3t+e4t)

= My, (1) My, () = (== -

_ (e2t+2e3t+3e4t+4e5t+3e6t+297t+est)

16
1 2 3 4
HenceP(Y —32) == P(Y —23) = P(Y = ;L) = P(Y=5) = =
P(Y=6)=§; P(Y:7):E; P(Y=8)=E
OrP(Y =y) =21 y=23,.8
Alternate-1:
Using pgf:

Gy(t) = Gx,+x,(0) = E(t(X1+X2))
= E(tX)* E(t%2) = Gy (t) * Gy, (t)  (Due to independence)

Now le(t) = E(tX1) =@
Similarly

G (1) = E(PF%) =220
Now

Gx,+x,(O = E(t*M)* E(t*?)
t+t2+t3+t4 t+t2+t3+t4
= (A (et
_t242t3 43t 4465436042t 7 +18
- 16
P(Y=k) is co-efficient of t“in G, (t) k=2,3,..,8 whre Y=X1+X2

4

Hence, P(Y = 2) =i6; P(Y = 3) =%6;P(Y=4)=1i6; P(Y=5)==;

1
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3 2 1
P(Y—6)—E, P(Y—7)—g, P(Y—8)—E
Alternate-2:
X1 1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4
X2 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
Y=X1+X2 2 3 4 5 3 4 5 6 4 5 6 7 5 6 7 8

P(Y=2) = P(X1=1 & X2=1) = P(X1=1)*P(X2=1) = ; * 7= —
P(Y=3) = P(X1=1 & X2=2) + P (X1=2 & X2=1)= P(X1=1)*P(X2=2) + P(X1=2)*P(X2=1)
1 1 1 1 2

==%= 4= =

4 4 a4 4 16

P(Y=4) = P(X1=1 &X2=3) + P (X1=2 & X2=2) + P (X1=3& X2=1)

= P(X1=1)*P(X2=3) + P(X1=2)*P(X2=2) +P(X1=3)*P(X2=1)
1 1 1 3
+ —

1
i
4 4 4 16

1 1
—_ —_— )k —=
4 4 4
P(Y=5) = P(X1=1 &X2=4) + P (X1=2 & X2=3) + P (X1=3& X2=2) + P (X1=4& X2=1)

= P(X1=1)*P(X2=4) + P(X1=2)*P(X2=3) +P(X1=3)*P(X2=2) +P(X1=4)*P(X2=1)
1 1 1 " 1 1 1 1

P(Y=6) = P(X1=2&X2=4) + P (X1=3& X2=3) + P (X1=4& X2=2)

= P(X1=2)*P(X2=4) + P(X1=3)*P(X2=3) +P(X1=4)*P(X2=2)
11 1 1 1 1 3
=—%—+— % - +— % —=—
4 4 4 4 4 41

P(Y=7) = P(X1=3&X2=4) + P (X1=4 & X2=3)= P(X1=3)*P(X2=4) + P(X1=4)*P(X2=3)
1 1 1 1 2
==%= 4—

4 4 4 * Zz E
P(Y=8) = P(X1=4&X2=4) = P(X1=4)*P(X2=4) =

R

11
* —= —
4 16
[4 Marks]

Solution 7:
If Y and Z are independent then we have to show that P (Y=y, Z=z) = P(Y=y) P(Z=z), for all yand z

P(Y=y)=YS_,P(Y =y,Z = 2)

1 2
= P(Y=y,Z=y}+ Xony P(Y = y,Z = z) =+ (6y) o~ fory=12,...,6
P(z=2)=X5-1 P(Y = y,Z = 2)

1

=P(Y=z,Z=2)+ Yy, P(Y =y, Z = 2) = ot (z-1) % for z=1,2,...,6
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1+eX

Let W =

The distribution function of W is
eX
F(w) = P(W< w) = P(=—5 < w) =p(

1+eX —

=p(e7 = 2P (—x 210 (52)) =P (x < —in (52) ) 000

<w)=p(1+e*22)

1+e=X —

_ -1 1
Lete ™ =u=>x=-Inu; dx= Tdu;for X =—o00,u = 00 and for x =—In (T)’ u=—-=

1Al CT3-1218
i =17=1)=L 2 () (L
Since P(v=1,2=1)=-# () (&)
That means P(Y=1,Z= 1)zP(Y=1)* P(Z=1)
Hence, Y and Z are not independent.
Alternatively
Probabilities:
l=2 Y=y
y=1 y=2 y=3 y=4 y=5 y=6 P(Z2=z2)
z=1 1/36 0 0 0 0 0 1/36
z=2 2/36 1/36 0 0 0 0 3/36
z=3 2/36 2/36 1/36 0 0 0 5/36
z=4 2/36 2/36 2/36 1/36 0 0 7/36
z=5 2/36 2/36 2/36 2/36 1/36 0 9/36
z=6 2/36 2/36 2/36 2/36 2/36 1/36 11/36
P(Y=y) | 11/36 9/36 7/36 5/36 3/36 1/36 1
Here for any pair P(Y=y,Z= z)# P(Y=y) P (Z=z) y=1,2,3,4 and z=1,2,3,4
€g
P(Y=1,2=1)=—
TN 1
P(Y=1)=— and P (Z=1)=—
36 36
P(Y=1,Z= 1)z P(Y=1)* P (Z=1)
Hence, Y and Z are not independent.
[5 Marks]
Solution 8:
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1-w
f w
o

u
(1+w)?

-1

1-w
Flw) = [ (1+u)?

[00]

-1
() du
- 1
Hence, pdf of w is given by f(w) = {

0

Alternatively

eX

1+e

Let W =

X

eX =W *(1+e¥) = W+ W*eX
eX —W*eX =W
eX (1-W) = W=>eX =

_x _1-w
w

w

1-w

Hence X=1In (L)
1-w
Using the following, we can derive pdf of w

fw) = f(x)*| 2 |

e—x

(1+e%)2
a-w)

Now f(x) = for -co<x <o

f(x) =

(1
f(x) =w * (1-w)forO<w< 1
1

f”_w =forO<w< 1
+3)

dx

dw

a-w)

dx =(1—W) *[ w 1

_ a-w)

1
(1+w)

du= |

1-w

w
| =w
[ee)

ifo<w<l1
otherwise

w

*w*()*(A = w) 2 (1) + (1 —w) Tt *(1)]

(1-w) 1

]

dw
dx

dw

Hence,

w
_ 1
- wx(1-w)

(1-w)?2 (1-w) w

fw) = f(x)* | 5|

f(w) = w*(1-w)*|

wx(1-w)

Solution 9:

[

(1-w)?

| =1 for O<w<1

] _ (1-w) ,

(1-w)?2 w (1-w)?

[5 Marks]

Let X;: Lifetime of the it" bulb installed; n: Light bulbs to be bought; S,,: Total lifetime of n bulbs; S,,=

X, + X, + X3+ .. +X,

E(S,) = 3n; Var(S,) = %
- Sn—E(Sn)

By Central Limit Theorem (CLT)T

4

~N (0, 1)
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We need to find n such that P (S,,2 50) =0.95
Sp=3n _ 50-3n\ _ 200-12n) _
p( > >_P(Zz =) =0.95

yn T Vnm
4 4
200—-12n 200—-12n
1-P(Z <2 )=o.95 ORP (Z <2 ) = 0.05
200—-12n
== —1.6449 from tables.

12 (v/n)?-1.6449+/n -200=0

V= 1.6449+,/((—1.6449)2)—4+12+(—200) or = 1.6449—,/((—1.6449)2)—4x12+(—200)
B 2412 - 2%12

\/n = 4.15159 or -4.0145; n= 17.2357; So 18 bulbs should be bought.
[6 Marks]

Solution 10:
i) Given X~ N( p,0%) where p=1000 hrs and o = 240 hrs

Penalty for delay in each labour hour in excess of 1100 hours is Rs 1 lacs
If the minimum penalty paid by the company is 20 lacs, then the minimum delay in completing the
construction of the airplane is 20 hours

Hence, it will take minimum of 1100420 =1120 hours to complete the construction of
the airplane.

We need to find

P(X21120) = P (Z > 2200 =P (2205)

= 1- P(Z<0.5)= 1-0.69146 = 0.30854 3]

(Xi-1000)?  op Xi-p)?
2402 - i=1 0—2

i) LetY=Xi,
Given: P (Y<10) = 0.735
(imp)? )

P(zr, S < 10) =0.735

P (x2,, < 10) = 0.735

From x2 table, we getn =8
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Hence n =8 [4]
[7 Marks]
Solution 11:
i) E[X] = (a;b)
b = 2E[X]-a=2x— a
_ (b-a)?
Var(X) = =
2 — (2x-a—a)? _ (x—a)?
12 3
(x — a)2 =352
d= x—+3s
[3]
ii) b= 2x— (¥ —+/3s)
b= x4+ /3s [1]

iii) Sample: 1, 2, 3, 4, 50
x=12;s=21.27

Method of moments estimates using above formulae are:
= 12—-+/3(21.27) = —24.84; b = 12 + /3(21.27) = 48.84

For U (a, b),the probability of a sample point being less than ‘a’ or greater than ‘b’ is zero and we
have a sample value 50 that is greater than our estimate of ‘b’. This highlights a potential weakness
of the method of moments.
[4]
iv) Likelihood for a sample of size nisL(b) = binif b 2 max(x;),otherwise L =0
Differentiation with respect to b does not work because in the range of x depends on b
We must find b that maximizesL(b) for max(x;) given.. We want bto be as small as possible subject
to the constraint that b > max (x;).
Clearly the maximum is attained at b = max (x;).
Hence b = max (x;)- [3]
[Marks 11]
Solution 12:
i) P(Type | error) is the probability of rejecting Hy when H,, is true.
Let X be the no. of hits in first step 12 missiles and Y be the no. of hits in second step 12 missiles.

P(Type lerror)=P (X3 | p=0.1)+P(X=0| p=0.1)P(Y25| p=0.1) +
P(X=1|p=01)P(Y24|p=01)+P(X=2|p=0.1)P(Y23|p=0.1)

Using Actuarial Tables page 188 (probabilities for Binomial Distribution)
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= (1-0.8891) + (0.2824)(1 — 0.9957) +
(0.6590 — 0.2824)(1 — 0.9744) + (0.8891 — 0.6590)(1 — 0.8891)
= 0.14727 = 15% (4]

ii)  Probability of rejecting the null hypothesis when p = 0.3

=P(X23|p=03)+P(X=0]|p=03)P(Y25|p=0.3)+

P(X=1|p=03)P(Y24|p=03)+P(X=2|p=03)P(Y=23|p=0.3)
Using Actuarial Tables page 188 (probabilities for Binomial Distribution)
= (1-0.2528) + (0.0138)(1 —0.7237) +
(0.0850 — 0.0138)(1 — 0.4925) + (0.2528 — 0.0850)(1 — 0.2528)

=0.91253 ~ 91% 3]
iii)  P(type Il error) is the probability of accepting Hy when H,, is false.

=1-0.91253 = 0.08747 = 9%(when p=0.3) [1]
iv) 10 Space agencies in aggregate fired 120 missiles and recorded 40 hits

Assuming that the sample comes from a binomial distribution, we know that the quantity

Xp
[pa-p) ~ N1
A 40 1
Here n=120,X=40.s0p = — = - = 0.3333
120 3

Using Actuarial Tables page162, Z1yy, = 1.2816

Lower bound of 90% right-tailed confidence interval for p is

p- 12816 |22 = 0.3333 - 1.2816\/%}0'3333) = 0.2782 (3]
v)  Test whether p > 0.278 at 10% level of significance

Hy:P=0.278 vs. H;: p>0.278
For one sample binomial model:

X-npo

v MPod0

39.5— 120(0.278)
\/120(0.278)(0.722)

~ N (0, 1)with continuity correction.

= 1.2511

We are carrying out a one-sided test. The value of the test statistic is less than
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1.2816 (the upper 10% point of the N (0, 1) distribution) so we do not have sufficient evidence to
reject Hy at 10% level. [3]

vi) Lower bound of Confidence interval implies that there is only a 10% chance of ‘p’ < 0.2782, whereas
from the hypothesis test, ‘p’ could be less than or equal to 0.2780 with probability more than 10%
(approx 10.5% corresponding to 1.2511).

The minor disconnect between Confidence interval and Hypothesis testing at the same level is due

to
e use of sample proportion pto estimate population variance in calculating confidence interval,
and
e applying continuity correction in hypothesis testing [3]

vii) Test whether there is a difference in the mean scores
We assume that the samples come from normal distributions with the same variance and that the
samples are independent.

Ho: g = pp vs. Hyt g # .

X1—X2— (U1 —p2) ~t
1 n1+ n2—2

Sp n—1+5

The pivotal quantity is:

Given:il = 65, XZ = 70, Sl = 54, SZ = 70, ng = 12, n, = 15

The pooled variance is: S3 = %(11 (2916) + 14 (4900)) = 4027.04
65—70-0

1 1
63.459+% E+E

This is within + 2.060 (= t;s5.55¢.)S0 we have insufficient evidence to reject H, at the 5% level.
Therefore, it is reasonable to conclude that there is no significant difference in the mean scores for

=-0.2034

the populations associated with the two Institutes. (4]
[21 Marks]
Solution 13:

i) Each Y; has a N(a + Bx;, 62)distribution, so the joint likelihood function is:

n 2

=] 1 exp<_1(w) ): Ll “ZM
L_foV2m 2 o O-n(1 /_)
Taking logs:logL = —nlogo — —Y",(y; — a — Bx;)? + constant

Differentiating with respect to a and then with respect to f3 :
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dlog L 1%
= =) - = (=)
i=1

ol
ogL Z(yl — Bxp) (—x;)

By settlng equal tozerowe gety™ ,y; —na@—BY" % =0

Bysettlng B &L equal to zero we get Y Xy — Ay x —BYE, x2 =

Solving the two equations: multiplying second equation with n and then subtracting first
equation multiplied with),™- ; x; we get:

nXixy = Gl x) Qv — B X x = CLyx)?) = 0

_ nEE, xiyi) -, x) (S, vi)

Sxy

B = —:and
b n(Zl, %2)- (2, %)’ Sxx
n oo BYR x ~
a — Zl=1YI nBZ[:;[Xl — }—] — B)—( [5]
i) It seems that temperature on land is related to distance from lake through an exponential

function like Y = aexp (BX). Transforming this using W = log Y, we get a linear model w; = o +
Bx; + e; where a = loga

Site (x) 1 2 3 4 5 6 7 8 9 10

Temp °C 21.0
) 27.0 | 25.0 | 234 | 226 | 21.8 | 21.4 | 212 | 210 | 208 -
y

w=Llogy |3.2958 | 3.2189 | 3.1527 | 3.1179 | 3.0819 | 3.0634 | 3.0540 | 3.0445 | 3.0350 3.0445

X = 5.5000; w = 3.1109;S4,, = —2.1504; S,y = 82.5000; S,,,, = 0.0686

W =3.2542 — 0.0261 x = ¥ = 25.8996exp (—0.0261 x) [6]

iii) Forx = 4.5; W =3.2542 — 0.0261 (4.5) = 3.1369
~2 1 Siw) _ 1 -2.1504%\
62 = —(Syw - ) = +(0.0686 — )= 0.0016

n-2 Sxx 82.5000
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Standard error of the estimate SE(W) = JGZ (1 + % + M)

Sx X

1 (4.5-55)2)

=\/0.0016{1 +=+ }=0.041272
10 82.5000

95% confidence interval for Wisw =+ tg g5 n—2 SE(W)
=3.1369 + (2.306 x 0.041272) = (3.04176, 3.23211)
Using y = exp(W), 95% confidence interval fory is(20.94, 25.33)

[5]
[16 Marks]

Solution 14:
The parameters pand t;,i=1, 2,....k can be estimated using least squares by finding values for y,t;

,i=1,2,..,ksuch that:
2
q= Zzeizj = ZZ(YU —u-T)
i T
is minimized.

Differentiating this partially with respect to p andt; , i =1, 2... k ,and equating to zero:
a

a_ﬁ = =220y —n—1)

YiXi(yiy—n—t)=0; T; ¥y —np— Ximti = 0

Given that};n;T; = 0,s0 i = %ZiZj yij = Y,
0q _
prol —-%2(y5—n—1)

Yi(yii—n—1)=0; Tjyy —mp—nt; =0

A 1 — —
T = n_iZjYij_lJ-= Vi —u=Y, Y

These results are just what we should expect. pis the average for all treatments and we are
estimating this using Y i.e. the average over all the data. T;represents the difference between the
mean for treatment i and the overall mean, and we are estimating this based on the corresponding
difference in the sample means.

[5 Marks]

3k 3k 3k 3k 3k sk 3k 3%k ok ok %k %k 3k %k ok %k %k 3%k 3k %k %k 3%k %k %k %k k *k
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