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Q.1

a) U = 1_41-5 (1+ e 0.05/4 +e 0.05/2)

= 1;45 (1+0.9876 + 0.9753)

= 11111

\ Fo= (So+U)e"" = (450+1.1111)e°®* "

451.1111 X 1.0382

468.3435

b)
risk free rate of interest
dividend yield on asset
strange cost of cost
convenience yield on asset

Q.2

P(S, % 25/S, =15)
P(S,e* %9 3 25/5 =15)
P(15e0.6\N5-0.08(5) 3 25)

P(W, 3 1.518)
P[(N,(0,5) 3 1.518)]

2.518- 00
N

1- f (0.679)

1-f

= 0.249

It isvery difficult and amost impossible to reach this value.

[1]

[1]
[1]
[Total 3]

Increase
Decrease
Increase
Decrease

[4 x05=2]
Total [5]

[0.5]

[1]

[1]

[15]
[1]
[Total 5]
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Q.3)

b)

c)

d)

Tower Law

The Tower Law states that, if the stochastic X; has filtration Fand ti< to<ts
then E{ E[Xt3| th] |Ft1} = E{ Xt3|Ft1]

[2]

Equation for the conditional expectation

Wehave: E[B2/F,,|=E[B,,+(8, - B, )} /F,,

E[B2, +2B ,(B, - B,,)+(B, - B,,)?/F, .|

Bs-l + 2Bn-lE[Bn - Bn-l] + E[(Bn - Bn-l)z]

B2, +2B, ,X0+1
= B2,+1
[3]
Derive an expression
Using the results derived in part (ii) with n= 3 and n=2, we have:

E(E|lB2/F,)/F,)=E[BZ +1/F,|

E[BZ/F,|+1

B +1+1

B2 +2
[1]
Evaluate the expression using the Tower law

Using the Tower Law with X, = B?andt, =1t, = 2andt, = 3, wehave

E(E|Bz/F,)/F,)=E|BZ/F)]
[1]
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Evaluating the expression on the right hand side in a similar way to part (b), we get:
E[Baz / Fl] = El(Bl +(B; - Bl))z /F1J

E[B? +2B,(B, - B,)+(B,- B’ /F]

B? + 2B,E[B, - B,)+E|(B, - B,)?|

B +2B,x0+ 2

B +2
[2]
This gives the same answer as before. [Total 3]
e) Find amartingale

We can rewrite the result in (ii) in the form:

E[BZ- n/F,,|=B2- (n-1)

[0.5]
lfweletf (B)= BZ- t,thisis
E[f(Bn)|Fn1] = f(Bna)
Sof(B) = B? - t, isamartingae
[0.5]
[Total 1]

Q.4)

a) Value of European put option (using risk-neutra valuation)

We can use the percentages given for the price movements (22 up, 5% down)
to construct the tree of future share prices:

84.05
82

80 77.90
76

72.20
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Our “treg” is shown here in table form, without the “branches”.

Sinceit is at the money, the strike price of the put option must equal 80. Soits
payoff functions is max (80-Sr,0).

We can now add the payoffs for the put option (shown in brackets) to the tree:

84.05 (0.00)
82

80 77.90 (2.10)
76

72.20 (7.80)

The risk-neutral probability of an up movement is:
_e-d_¢e"-095

= = 0.800669
u-d 1.025- 0.95

q

We can now apply the risk-neutral pricing formulato work out the option prices
after 3 months. At the node corresponding to a share price of 82, we have:

V,=€e'[0" q+2.10" (1- q)] =0.4144
At the 76 node, we have:
V, =€ '[210" q+7.80" (1- g)] = 2.2040
We can then use these prices to work out the initia price:
V, =e '[0.4144" q+3.2040" (1- q)] = 0.9608

So the completed tree looks like this:

84.05 (0.00)
82(0.4144)
80(0.9608) 77.90 (2.10)
76(3.2040)
72.20 (7.80)
The price of the European version of this put option is 0.96. [3]

This priceis quite low because the price movementsin the question are
relatively small, suggesting that this is a share with a very low volatility.
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b)
i) Value of European put option (using no arbitrage)
We can arrive at the same answer using areplicating strategy.
Suppose we can currently at the 82 node. We can select a portfolio of f shares
andy units of cash to replicate the possible payoffs of 0.00 and 2.10 if:

84.05 +ye’® =0.00and77.90f +y e*° =2.10
[1]

solving these gives:

__000-210 _ o0 000- BAOS _ o,

©84.05- 77.90 g0

i) Since this replicating portfolio has identical payoffs to the option at the 84.05 and
77.90 nodes, it must have the same value. Otherwise, there would be an arbitrage
opportunity.

82f +y =0.4144
(1]

This agrees with our previous calculation.

Similarly, at the 76 node the replicating portfolio can be found by solving the
equation:
77.90F +y e® = 2.10and 72.20F +y e** =2.80
[1]
The replicating portfolio consists of -1 shares and 79.2040 units of cash, which has
avalue of 3.2040, as before.
[1]

At the 80 node, we need to replicate the 3 month values, ie 0.41 and 3.20. The
required replicating portfolio consists of -0.4649 shares and 38.1549 units of cash,
which has a value of 0.9608, as before.

[1]

c) Vaueof American put option

If it is an American option, we have the additional choice of exercising the option
after 3 months. [0.5]

If we examine the tree, we can see that at the 76 node the price we have calculated is
3.20, but we would get a payoff equal to the intrinsic value of 80-76=4, which is
higher, if we exercised at that node.

[0.5]
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However, we would not choose to exercise at the 82 node, since the option is out of
the money there.

[0.5]
We now need to recalculate the initia price as follows, based on the figure on 4.00:
V, =e '[0.4144" q+4.00" (1- q)] =1.1179
We aso have the choice of exercising at the start. However, we would not choose to
do this, since the option is at the money there and has a pay off of zero.
[0.5]
So the price of the Americanversion of this put optionis 1.12.
Q.5) Using he definition of S we have:
Si= e™g, = 2% X 60 = 57.074 [1.5]
We can aso find the values of S, at time 2. |If the share price goes up to 80, then:
S= e™%S,= e2%%2 X 80 = 72.387 [1.5]
If the share price goes down to 50, then:
S= €™%5,= €992 X 50 = 45.242
[1]
Thus:
Eo[Sz | F1] = 72.387 x 0.43588 + 45.242 x (1-0.43588)
=57.074 [1]
=3
Total [5]
Q.6)
a)
S s’
In(—)+(r-gq+—)(T-t
I g+ T -

d

1 S
Assuming T —t = u, we get
IS
") - ars i
s-Ju su
d,=d, -su
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d, differswith d; only by s JJu , whichis independent of S
dd, dd, 1 1 1

ds  ds :ﬁsﬁ?:stsﬁ
K

dt  du dt

2
S
dd, _d Ins/K), 95
__[ +
d du s lu

) 4
JUIE(T-t)
SZ
s 9T
Zsu«/a ZSJU

19

S
ad, _ n(s/K) (-9 7%)
dt 2su~/u 2s Ju

dd, _od
dt dt dtsx/U
SZ
s 9T s
25uu 25 u 2Ju
SZ
dd, _I(s/K) "9 >
d 2ufu  24u
b)
1.2
1 02%
) »
f (d2) ie_ %(dl_ s \/6)2
J2p
2 2
4 +(d1-sJU)
—e 2 2
-dls«/a+lszu
— e 2
SZ
(S /K)+(r- g+>—)u
] 2 1
:e[ T ]sJU+Zszu
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_ TSI q%)u]%s 2

s?, .1
- (r-g+=—)ut+=s
(r-q 2) 5

WX ;0| x

e

— K g ruqu

f(d) _K -ru_qu
fd) 5. °

t

se” M (d,) = ke U (d,)

se 9T @) =ke "T- Y% (q,)
c)

c=Se "F(d,)- Ke"™F(d,)

dc _ dF (d), .. dF(d,)
D= =& MR (d) +§ =51~ Ko™ =2

dc _ dF (d,) dd, o OF (d,) dd,
D= e P S =5 X T,
drF(d,) _ dF(d)
5 =T, =t (d,)
From part (a), we have

dd, _dd, _ 1

ds, ds StsJ—

D=e™[F(d)+S

D=e “F(d,)+ "% (d,) - Ke'™f (d,)]

Ss Ja[Ste
From part (b), we have

Se *f (d,)- Ke™f(d,)=0
D=e"F(d,)

_d’c_dD
ds’ ds

1
f(d, Ke™ ——f(d
Si‘/—()] e SSJU(Z)
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G= %(e‘ VF(d,)

,dd, dF(d;)) e™

G=¢" = f (d
d§ dd, Ss+u (c)
o du w dF (d,) )dd du . dF (d,) )dd

=-— = M __F(d ru_F d
Q= = Slgye ® G F () +e ™ TR KIg @)+ =g
Q=S[0¢ F (0 +& ™ (A) G- Klre “F (d)+€ 1 (6) (2

s ? s 2
- qu - Cqu In(St Ky (r- q+7) . |n(st /Ky (r-q- 7)

Q=qSte I:(dl)- rKe F(d2)+Ste f(dl)[ el - N ]1- Ke f(dz)[ 0 - A ]

(@ ][In(S /K)_(I’-CI) S /2[Se qf(d)+Ke_ruf(d]
2 Zsuw/: 23\/6 J_ 1 2

= - qu - ru - qu - ru
=agSe F(d )- rKe F( )+[Se f(d)- Ke
Q=as @) (@) +[se” )

Se *sf(d,)
2/u

Q=- +qSe-un(d1)' rKéruF(dz)

d)

1 5 2 §¢ Vst 1, 2™
Q+r5;D+=s %5, G= - ————L s q5e Mr(dy) - ke’ F(dy) + rs;e” VF (dy) + =5 %S, ——=F (dy)
2 2u 2 ssWu

1 2c2~_ - qu - ru - qu
Q+rStD+ES St G—qSte F(d Ke F(d2)+rSte F(d

Pt D)
1 20 2~_ - qu - qu - ru

Q+rStD+ES St G—qSte F(d1)+r[Ste F(dl)- Ke F(dz)]
1 2c2~_ - qu

Q+rStD+ES St G—qSte F(d1)+rc

If g=0, we have

1 202~_
Q+rStD+ES St G=rc

10
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Q.7)
a)
According to Put-Call parity theorem:
p+Se®=c+Ke"
For no-arbitrage, the above condition must hold for market prices:
P + S, e ™ =cp +Ke'"™ 1)
For a given volatility, the relatiorship must also hold for B-S prices:
Pes St e = Ces t Ke™ (2)
Subtracting (1) from (2), we get
Pes = Pmc = Cas = Crig
Thus the rupee pricing error when the B-S model is used to price a European put
option should exactly the same as the rupee pricing error when it is used to price the
European call option with the same exercise price and time to maturity
50- p,,, =150- 175
P = RS.75
b)
The volatilities implied by option pricesin the market are called implied volatilities.
Suppose ¢ = 1.875, § = 21, K=20, r = 10 and T=0.25 years
The implied volatility is the value s that, when substituted into Black-Scholes
formula, gives c = 1.875.
An iterative procedure can be used to find the implied s.
c)
The Black-Scholes model assumes that implied volatilities do not vary across various
strike prices and/or time maturity as s pertainsto S and not X. However, in practice,
implied volatility is not constant and varies with change in exercise price and/or time
to maturity.
Volatility smile defines the relationship between the implied volatility and strike
price. Thus volatility smile defines implied volatility as a function of strike price.
Term structure of implied volatility defines the relationship between implied volatility
and time to maturity of the option. Thus term structure of volatility defines implied
volatility as a function of time to maturity of the option.
d)
Day Closing Stock Price 2
S =) U
t-1
0 20
1 20.10 0.004988 2.48756x10°
2 19.90 -0.01 0.000100
3 20.00 0.005013 2.51256x10°
4 20.50 0.024693 0.000610

11
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5 20.25 -0.01227 0.000151
6 20.90 0.031594 0.000998
7 20.90 0 0
8 20.90 0 0
9 20.77 -0.00624 3.89316x10”
9 9
au, =0.037777 | § u,’ =0.001947419
t=1 t=1

1 ¢ -, 1 8 1
s =.—au-u=[—au -
Jn_lg(t ) \/n_lg X

=0.014953

\/ 0.001947419  0.037777°
8 72

1 n(n-1)

@auw)?

t-1

or 1.4953% per day. There are 252 trading days per year. The data give an estimate of the
volatility per annum of 0.014953\/252 = 0.23738 or 23.74%.

a)

k = ;I_p = SIA/T - tf (dl)e'Q(T't)
S
2

(S 7K)*+(r- q+2)(T - 1)
%= SAT-t

0.0625, 1

In( 2745/ 2700) + (0.08 - 0.03+ )=
d = 2 '3
=
0.25\/i
3
dy = 0.302157
1
f (0.302157) = —=—e 2157 = 0,294907
A2p

0.03
k =2745* \/%* 0.294907* e ® =462.726

Thus a 1% (0.01) increase in volatility (from 25% to 26%) increases the value of the
option by approximately 4.62726 (=0.01x462.726).

b)

NSE Nifty futures can be used to hedge an equity portfolio. Define:

P: Curent value of the portfolio

A: Current value of the stocks underlying one futures contract

P = 54,000,000

12
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A = 2700x200 = 540,000
N=b’
A
54000000 _
540,000

Thus 120 Nifty futures contract should be shorted to hedge the portfolio of 54 million.
To reduce 3 of portfolio from 1.2 to 0.6:

P
N=(b-b*)—
( )X

N =12

54,000,000 _ 60
540,000
60 Nifty futures should be shorted to reduce the beta of the portfolio from 1.2 to 0.6.
<)
Optimal hedgeratio (h) = r

N =(1.2- 0.6)

(7))

S

(7))

F
h= 0.9Xi =0.6
15

Each heating oil futures contract is for delivery of 40,000 gallons of heating oil. Thus, the

optimal number of contractsis

0.6x4,000,000
40,000

Jet Airways should purchase 240 heating oil futures contacts.

= 240 Contracts

kkhkhkkkhkhkkkhhkkkhhkkhkhkkhkhkkhkkkx
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